Discussion about the convergence and divergence of trajectories generated by certain functions derived from generalized 3x + 1 mappings.
Introduction
In previous papers [1, 2] , we analyzed the trajectories generated by the iterative application of several functions derived from generalized 3x + 1 mappings. We have developed an algorithm that allow us to determine the necessary conditions for the existence or not of loops (cycles). From the periodicity property associated with the different trajectories for a given length, it has been possible to demonstrate that the number of cycles is finite. This led us to the notion of convergence or not of the trajectories towards these cycles which can be either closed or open. The function that gives rise to the original Collatz problem produces nine closed cycles and, since the number of cycles is limited, all the integers not belonging to these cycles are in infinite trajectories. The function that gives rise to the 3x+ 1 problem produces four opened cycles with the negative integers and the zero, and only one appears for positive integers. All other natural numbers seem to converge towards this cycle. The function generating the 5x + 1 problem seems to lead to trajectories convergent and divergent.
In this paper we will analyze the convergence and the divergence of trajectories associated with the 3x + 1 and 5x + 1 problems. The approach we use here is independent of the results previously obtained if we accept the conjecture of Matthews [3] which states that the number of cycles is finite.
We will use a property similar to the periodicity resulting from the iterative application of the functions. A priori, the behavior of trajectories generated for these functions seems chaotic. In fact, if we make appropriate groupings of trajectories we quickly observe a regularity in their distribution. In this context, we will be able to provide answers to the questions of convergence or not of these trajectories.
Mathematical stools
Mappings can be define on integers represented by functions such that each element of the set Z is connected to a single element of this set. The iterative application of these functions produces a sequence of integers called trajectories. In this paper, we will use indifferently the term trajectory or simply sequence to indicate a sequence of integers generated by these functions. We can easily construct the equations connecting any two integers of the sequence. The result can always be expressed in the general form c = ax + by, where x represents any integer and y is the integer resulting from the iterative application of the function. The parameters a and b depend on the function itself. So, we have diophantine equations of first degree at two unknowns. From a wellknown result of this theory, we have the theorem Theorem 2.1 Let the diophantine equation c = ax + by of first degree at two unknowns. If the coefficients a and b of x and y are prime to one another (if they have no divisor other than 1 and −1 in common), this equation admits a infinity of solutions to integer values. If (x 0 , y 0 ) is a specific solution, the general solution will be (x = x 0 + bq, y = y 0 − aq), where q is any integer, positive, negative or zero.
Proof
References : on the web and Bordellès [4] The distribution of integers resulting from the different groupings of trajectories will follow different progressions, and several of them will be of geometric type. Write a general geometric series as n k=1 ar k−1 = ar 0 + ar 1 + ar 2 + ar 3 + · · · + ar n−1 ,
where ar n−1 is the nth term of the series. The sum of first n terms is given by
The terms of the geometric series will be represented by multinomials. We have the binomial formula
where
are called binomial coefficients BC n,k . The multinomial formula (Wikipedia) is
is a multinomial coefficient. The sum is taken over all combinations of nonnegative integers indices k 1 through k m such that the sum of all k i is n. That is, for each term in the expansion, the exponents of the x i must add up to n.
For example, the third power of the trinomial a + b + c is given by
and,
Problem 3x + 1
In first, we present three functions which encode the 3x + 1 problem. Let the Collatz function C(n) be defined as follow
, if n ≡ 0 (mod 2).
Even though this function, as well as the next two, is valid for all integers n, positive, negative or zero, we will use the set of natural numbers in most of the examples that follow.
In a 2012 paper [5] , Delahaye gives a very good introduction to the 3x+ 1 problem. He produced a figure, that he called a tree, giving the directional tracking of several positive integers leading to the number 1. We see that each integer has 1 antecedent or 2, never more. Some odd integers such as 3, 9, 15, · · · , are not preceded by any odd integers. Several representations of trees are found on the web, in particular that giving the trajectories less than 20 before reaching the number 1 [6] . In fact, the root of these trees is 1, and they are built from inverse algorithms to those generated by the Collatz function. If the conjecture that states that all natural numbers end on the cycle 1, 4, 2 is true, these trees must cover all natural numbers.
Kontorovich and Lagarias [7] in a paper produced in 2009 work with two other functions with iterations faster than the Collatz function.
The first is the 3x + 1 function T (n) (or 3x + 1 map)
This function results from the fact that the 3x + 1 operation applied to any odd integer always give an even integer.
The second function, the accelerated 3x + 1 function U (n), is defined on the domain of all odd integers, and removes all powers of 2 at each step. It is given by U (n) = 3n + 1 2 ord2(3n+1) (9) in which ord 2 (n) counts the number of powers of 2 dividing n. The function U (n) was studied by Crandall in 1978 [8] .
Groupings (in triplets) of trajectories generated by the function U(n)
Let us represent the accelerated 3x + 1 function U (n) by the following 3 operations
The first two operations result in odd integers and the last operation ends with an alternation of even and odd integers. The table 1 we give the three groupings resulting of these operations including the intermediate (abreviate 'int') operation (3x + 1)/2. In each grouping we have a sequence of three integers ('triplets'). The intermediate integer is repeated in the second grouping. The reason will appear on its own.
Even if the results contained in the table are easily deduced during its construction, it is possible to find them by writing the diophantine equations and, using the theorem 2.1.
For example, the first operation leads to the equation
The couple of values (x 0 = 1; y 0 = 1) is a solution. According to the theorem 2.1, the general solution will be (x = 1 + 4q 1 ; y = 1 + 3q 1 ), where q 1 is any integer, positive, negative or zero. If this first operation result in odd integers, we can write y = 2q 2 − 1. Then,
The solutions to the integer values are q 2 = 1, 4, 7, 10, · · · and q 1 = 0, 2, 4, 6, · · · . We will have, as expected, x = 1 + 4q 1 = 1, 9, 17, 25, · · · or x ≡ 1 (mod 8), and y = 1 + 3q 1 = 1, 7, 13, 19, · · · or y ≡ 1 (mod 6).
The same procedure is used to find the solutions of the other operations. If we analyze the decomposition of trajectories in triplets, it is possible to perceive a certain regularity. We will not further develop the search for the regularity by this way. We will instead define an another function, so U(n), that apply to all integers. This new function produces trajectories whose triplet decomposition will be such that each of the integers of these triplets are in correspondence one-to-one with each of the elements of one and only one triplet produced by the function U (n). We can then build a tree that, a priori, will include all the integers and bring out the regularity.
New function U(n) and one-to-one correspondence with the function U(n)
We define the function U(n)
This function does not come from generalized 3x+ 1 mappings. The table 2 give three groupings resulting of these operations. In fact, this table brings together the trajectories of all integers and the integer resulting from a single application of the function U(n) (duos). We form triplets by repeating the first integer. We can easily verify that all the integers n of triplets in the table 1 (function U (n)) are calculated using two simple operations on all the integers n new , where n (new) is any integer, of triplets in the table 2 (function U(n)),
and n = 3n (new) − 1.
All intermediate integers 2 (mod 3) of triplets of U (n) and the last of the third grouping come from the operation (3n (new) − 1). All other integers (odd integers) come from the operation (2n (new) − 1). Then, the correspondence between the results of the application of the function U(n) on all integers is one-to-one with the application of the function U (n) on all odd integers.
As we will see quite rapidly, this new function will show the regularity in the distribution of sequences of integers. It will allow us to build a tree in which all the branches fit into each other and, possibly containing all integers.
Tree generated by the function U(n) and distribution of integers
Let us define the branches as the sequence of the integers that are connected to each other by the operations (3n + 1)/4 or 3n/2 starting with 2 (mod 3) and ending with an integer resulting from the operation (n + 1)/4. The branches are interrelated, thus forming a tree (table 3) whose the trunk is represented by the sequence 2 → 3 → 1. If there is only one cycle (1 → 1) for the natural numbers, then all the integers of a branch are different two by two, and also are two by two different from all the integers of any other branch, except of course, the end-of-branch integer that connect to another branch.
We have retained the first and the last integer of the branch of length 19 starting with 14 and ending with 56, at the top of the tree. For the branch starting with 56 and whose length is 13, we selected 4 values, namely the first (56) and the last three.
The search for the convergence of all integers towards 1 is to determine if all the integers are in branches (distribution) interlocking into each other and if, sooner or later, they converge to smaller integers.
We will prove in a first time that all integers are found in sequences with an end of all possible lengths and their distribution is characterized by a geometric progression.
Using the operation (3n (new) − 1) on all integers in branch ends of the tree in the table 3 and the operation (2n (new) − 1) on all the other integers of this tree, we build the tree represented in the table 4 generated by the function U (n). Nevertheless, it is easier to analyze the function U(n) which applies to all integers and which naturally reveals the regularity in the distributions of the branches.
Distribution of integers in sequences with an end
The solution of diophantine equations used below is easily verified from the groupings of table 2.
The sequences that we will analyze end with an integer resulting the operation (n + 1)/4, but the beginning of the sequences is any integer, not necessarily a branch beginner integer 2 (mod 3).
Let's first look the sequences of two integers whose second is obtained from the first by the operation (n + 1)/4 (end of branch). The length of the sequences is L = 2. The diophantine equation generating these sequences is y = (x + 1)/4, or 1 = 4y − x (general form is c = by + ax), of which a particular solution is (x 0 = 3, y 0 = 1). By the theorem 2.1 the general solution will be (x = 3 + 4q, y = 1 + 1q). b = 4 and −a = 1 are the increments which are added to x 0 and y 0 to get the general solution. In notation with modulo we will write x ≡ 3 (mod 4) and y ≡ 1 (mod 1). This result tells us that at every 4 consecutive integers there is 1 which ends after the operation (n + 1)/4 and this is repeated periodically to infinity. The distribution is 1 for 4, so 1/4. Each integer x in this group of length 2 goes to a smaller integer. In resume, for the sequences of length L = 2 we build a single diophantine equation and the distribution of the first integers x of these sequences is 1/d with d = 4 the denominator in the first expression of the diophantine equation.
Let the sequences of three integers (length L = 3). Two cases are possible, whether the operations 3n/2 (first type) or (3n + 1)/4 (second type) is applied to an integer followed by the operation (n+1)/4. The resolution of two diophantine equations leads to two solutions, x ≡ 2 (mod 8) (y ≡ 1 (mod 3)) and x ≡ 9 (mod 16) (y ≡ 2 (mod 3)). The distributions are 1/8 and 1/16, meaning respectively that at each 8 consecutive integers x there is one that starts a sequence of a first type, and at each 16 consecutive integers there is one that starts a sequence of a second type and this is repeated periodically to infinity.
We can do this for L = 4, 5, 6, · · · . The results below are valid for L ≥ 2. The total number of diophantine equations #(DE) L is
The different increments (or modulo) for the integers x starting these sequences are
The increment (or modulo) for the last integers y is 3 L−2 .
The different distributions of first integers x are calculated from the following binomial
which is the nth term (n = L − 1) of a geometric progression. From equation 1, which is the general form for this series, we put a = 1 4 and r = 3 4 . The binomial coefficients BC n,k of this binomial give the number of different diophantine equations for a given increment.
The sum of n first terms is given by the equation 2
When L goes to infinity the sum tends towards one, meaning that all integers x, without exception, start sequences with end.
In table 5 and the table 7 we give the sequences and distributions of first integers x generated by the function U(n) for the lengths L = 2 until L = 6 (and until L = 7 in the table 7).
According to the equation 16, a large part of natural integers is included in the first sequences. The sequences with L = 2 until L = 20 include almost 99.6% of all natural integers.
The next step in our approach is to determine the part of natural integers that go to smaller integers.
The first sequences where the first integers x are smaller than the final integers y (x < y) are those starting with x ≡ 48 (mod 64) for the lengths L = 6. In fact, these sequences are the only ones of all those for the lengths L = 2 until L = 6 with this behavior. All other integers for sequences covering these lengths end with smaller integers (x > y). The distribution 1/64 meaning that at each 64 consecutive integers there is one that starts a sequence which end with a larger integer.
For the sequences of length L = 7 and more we observe the same type of behavior. Some sequences with the smaller modulo will have the beginning integer smaller than that the integer of the end of the sequence. For all others we have the inverse behavior. It was quite predictable.
In table 8 we give the first distributions of the natural numbers whose first of the sequence is smaller than the last (x < y). For sequences lengths L = 2 until L = 20 there is just under 13% of all integers (actually 99.58%) behaving this way. On the other hand, just over 87% of all natural numbers have their first numbers larger than the last of the sequence (x > y).
This first result is quite remarkable because it tells us that not only 87% of all natural numbers go to smaller integers, but this is done in very specific slices (increments). Equation 14 giving the different increments (or modulo) for sequences of different lengths L allows us to calculate the largest increment for a given length, so 4 L−1 . For example, for L = 6 we have a maximum increment of 4 5 = 1024. For L = 20, we have 4 19 . This number seems astronomical, but it is nothing compared to infinity . . . In realty, if we take consecutive integer slices of 5, 000, for example, we can already see that the number of integers whose first of the sequence is larger than the last is close of 87% (using an appropriate algorithm). All natural numbers seem go to smaller integers, either in their slice or, sooner or later, in a next slice.
We will reinforce this conclusion by analyzing a little more in detail the some 13% of integers with x < y.
Distribution of integers in sequences with an end at the second level and more
Let is now the sequences whose beginning integer x is smaller than the end integer y, that is 13% of all integers. The first sequences with this behavior are those of length 6, so x ≡ 48 (mod 64). This sequences are carried out by applying 4 times the operation 3n/2 and ending with the operation (n + 1)/4. The diophantine equation is written as
Let (x 0 = 48, y 0 = 61) be a particular solution. Then, (x = 48 + 64q, y = 61 + 81q) is the general solution, where q is any integer, positive, negative or zero. If we continue the iteration of the function U(n) on the last integer of the sequence until reaching a second end of branch, we will have for example,
where P P ("Plus Petit") indicates that the beginning integer x 1 of the first sequence is smaller than the last integer y 2 of the second sequence, and P G means larger ("Plus Grand").
The first sequence will be called the first level sequence and the second, the second level sequence. Then, x 1 ≡ 48 (mod 64) and y 1 ≡ 61 (mod 81). y 1 becomes then the beginning integer x 2 of the second sequence.
In table 9 we have the first second level sequences x 2 ≡ 61 (mod 81). We find a distribution identical to that obtained for the sequences of first level. All integers 61 (mod 81) start sequences with an end, of all possible lengths and their distribution is characterized by a geometric progression.
For example, let's take sequences of length L = 2. The diophantine equation is
where x 2 = 61 + 81q. Then, 62 = −81q + 4y 2 .
A specific solution at integer values is (q 0 = 2, y 20 = 56) and the general solution is (q = 2 + 4k, y 2 = 56 + 81k). We replace q = 2 + 4k in x 2 = 61 + 81q. Then,
as expected. We proceed in the same way for all possible trajectories starting with x 2 = 61 + 81q. In writing the diophantine equations c = ax + by, we will have the coefficient a = −81 and the coefficient b resulting from the products of 2 and 4. According to theorem 2.1, since a and b are prime between them, the equations always have an infinity of solutions to the integers values. All trajectories starting with x 2 ≡ 61 (mod 81) are possible and their distribution will be such that nearly 87% of them will see the beginning integer x 2 larger than the last integer y 2 .
An identical result would have been obtained for each of the 13% of sequences where x 1 < y 1 . Then, around 87% of all these sequences have their first integers y 1 = x 2 larger than y 2 . This does not mean that 87% of x 1 is larger than y 2 . For example, the sequence starting with x 1 = 48 end with y 1 = 61 at the first level and y 2 = 56 at the second level. At the second level, x 2 = y 1 = 61 and y 2 = 56 (x 2 > y 2 , but x 1 < y 2 ). In fact, around 60% of 13% of x 1 is larger than y 2 .
With the second level, we now have around 95% of all natural numbers that end up on a smaller integer and this percentage increases with the third level and more. Not only 95%, or more, of all natural numbers go to smaller, but this is done in very specific slices.
Distribution of odd integers in sequences with an end (function U(n))
We will use a method similar to the one previously used to find the distribution of odd integers in the trajectories generated by the function U (n).
In table 6 we give the sequences of first odd integers x generated by the function U (n) for the lengths L = 2 to L = 6. These results can be found by writing the different diophantine equations and solving them. Nevertheless, and because the two functions (U (n) and U(n)) are one-to-one correspondence, we can simply use the integers of the trajectories constituting the branches given in the previous table 5, and apply the transformation 3n − 1 to the end integers of the sequences and the transformation 2n − 1 to all other integers.
The first trajectories for which the first odd integer x is smaller than the last integer y (x < y) is x ≡ 15 (mod 64) and y ≡ 20 (mod 81) for L = 5, corresponding to x ≡ 8 (mod 32) and y ≡ 7 (mod 27) for the function U(n) where x is larger than y (x > y).
The complete distribution of all odd integers at the first level will be slightly different from the distribution of all integers with the function U(n) in the table 8. Nearly 20% (instead of 13%) of all odd integers x, without exception, start sequences with end, such as x < y. Then, 80% of all odd integers go to smaller integers at the first level.
At the second level, we have about 60% of 20% going to smaller integers (whose x > y). With the second level, we now have around 92% of all odd integers that end up on a smaller integer and this percentage increases with the third level and more. Not only 92%, or more, of all odd integers go to smaller, but this is done in very specific slices.
Problem 5x + 1
Similar to the 3x + 1 problem, we present three functions [7] which encode the 5x + 1 problem.
Let the Collatz 5x + 1 function C 5 (n) be defined as follow
Define the 5x + 1 function T 5 (n) (or 5x + 1 map)
The third function, the accelerated 5x + 1 function U 5 (n), is defined on the domain of all odd integers, and removes all powers of 2 at each step. It is given by
in which ord 2 (n) counts the number of powers of 2 dividing n. The function T 5 is known to have 5 cycles, with starting values 0, 1, 13, 17, −1.
Groupings (in triplets) of trajectories generated by the function U 5 (n)
Let us represent the accelerated 5x + 1 function U ( n) by the following 5 operations 
The first four operations result in odd integers and the last operation ends with even integers 6 (mod 10). The table 10 we give the five groupings resulting of these operations including the intermediate (abreviate 'int') operation (5x + 1)/2. In each grouping we have a sequence of three integers ('triplets').
New function U 5 (n) and one-to-one correspondence with the function U 5 (n)
We define the function U(n) 5 The table 11 give five groupings resulting of these operations. In fact, this table brings together the trajectories of all integers and the integer resulting from a single application of the function U 5 (n) (duos). We form triplets by repeating the first integer. We can easily verify that all the integers n of triplets in the table 10 (function U 5 (n)) are calculated using two simple operations on all the integers n new , where n (new) is any integer, of triplets in the table 11 (function U 5 (n)),
All intermediate integers 6 (mod 10) of triplets of U 5 (n) and the last of the third grouping come from the operation (10n (new) − 4). All other integers (odd integers) come from the operation (2n (new) −1). Then, the correspondence between the results of the application of the function U 5 (n) on all integers is one-to-one with the application of the function U 5 (n) on all odd integers.
Tree generated by the function U 5 (n) and distribution of integers
Let us define the branches as the sequence of the integers that are connected to each other by the operations (5n)/4, (5n − 1)/2, (5n + 6)/16, (5n + 2)/8 starting with 3 (mod 5) and ending with an integer resulting from the operation (n + 6)/16. The branches are interrelated, thus forming a tree. The U 5 (n) function has 5 cycles as the function T 5 . An infinity of integers enter these cycles, but there may be others that belong to the divergent trajectories.
The search for the convergence towards the cycles is to determine if all the integers are in branches (distribution) interlocking into each other and if, sooner or later, they converge to smaller integers, otherwise there is divergence.
As for the function U(n), all integers are found in sequences with an end of all possible lengths and their distribution is characterized by a geometric progression.
Using the operation (10n (new) − 4) on all integers in branch ends of the tree and the operation (2n (new) − 1) on all the other integers of this tree, we build the tree generated by the function U 5 (n). Nevertheless, it is easier to analyze the function U 5 (n) which applies to all integers and which naturally reveals the regularity in the distributions of the branches.
The sequences that we will analyze end with an integer resulting the operation (n + 6)/16, but the beginning of the sequences is any integer, not necessarily a branch beginner integer 3 (mod 5).
We can write the different diophantine equations, as for the 3x+1 problem, and find the solutions of the latter for all the possible lengths. This approach leads us quickly to trajectories of all integers whose distribution follows a geometric progression. We will have the next results.
The results below are valid for L ≥ 2. The total number of diophantine equations #(DE) L is
where d 1 , d 2 , d 3 , · · · , d L−2 = 2, 4, 8, 16 and d L−1 = 16. The increment (or modulo) for the last integers y is 5 L−2 . The different distributions of first integers x are calculated from the following multinomial D L = 1 16
which is the nth term (n = L − 1) of a geometric progression. From equation 1, which is the general form for this series, we put a = 1 16 and r = 15 16 . The multinomial coefficients M C (equation 6) of this multinomial give the number of different diophantine equations for a given increment.
According to the equation 26, a large part of natural integers is included in the first sequences. The sequences with L = 2 until L = 20 include almost 70.7% of all natural integers. For this range of lengths, we covered 99.6% of all integers with the function U(n). To reach this percentage with the function U 5 (n), it is necessary to cover the lengths L = 2 until L = 85.
The first sequences where the final integers y are larger than the first integers are those starting with x ≡ 155 (mod 256), x ≡ 367 (mod 512), x ≡ 412 (mod 512), x ≡ 435 (mod 512) and x ≡ 453 (mod 512), for the lengths L = 6. In fact, these sequences are the only ones of all those for the lengths L = 2 until L = 6 with this behavior. All other integers for sequences covering these lengths end with smaller integers. The distributions 1/256 (or 1/512) meaning that at each 256 (or 512) consecutive integers there is one that starts a sequence which end with a larger integer.
For the sequences of length L = 7 and more we observe the same type of behavior. Some sequences with the smaller modulo will have the beginning integer smaller than that of the end of the sequence. For all others we have the inverse behavior.
Using an appropriate algorithm, if we take consecutive integer slices of 5, 000, for example, we can already see that the number of integers whose last of the sequence is larger than the first is close of 60%, meaning than 60% of all integers behaving this behavior. This percentage was around 13% for the problem 3x + 1 and the function U(n).
This analysis can be extended to the second level and more. Unlike the 3x + 1 problem, the divergence seems quite possible. For example, the trajectory generated by the function U 5 (n) starting with 4 diverges quickly. Here are the first branches Using the function U 5 (n) applied to odd integers the percentage of their distribution with x < y is still higher than 60% at the first level. The value is just over 75%.
Conclusion
By properly grouping the trajectories generated by the functions at the origin of the 3x+1 and 5x+1 problems, or rather by their accelerated functions, we could bring out the regularity that was hidden there. This is allowed us to gather the trajectories in groups of all possible lengths. Subsequently, we have been able to determine the distribution of integers x that start these trajectories and, finally, to find the proportions of them that are smaller (or larger) than the integer y ending the trajectory.
x 0 ≡ 1 (mod 8) 
